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Abstract

The transient heat conduction problems in one-dimensional multi-layer solids are usually solved applying con-

ventional techniques based on Vodicka’s approach. However, if the thermal diffusivity of each layer is retained on the

side of the heat conduction equation modified from the application of the separation-of-variables method where the

time-dependent function is collected, then the modified heat conduction equation by itself represents a transparent

statement of the physical phenomena involved. This ‘natural’ choice so simplifies unsteady heat conduction analysis of

composite media that thermal response computation reduces to a matter of relatively simple mathematics when

compared with traditional techniques heretofore employed. � 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

An exact closed-form solution for the transient tem-

perature response of multi-layer series composite solids

was originally obtained by Vodicka [1]. He determined

the solution applying the method of separation of vari-

ables to the heat conduction partial differential equation.

In separating the variables, Vodicka retained the ther-

mal diffusivity on the side of the modified heat con-

duction equation where the space-variable function is

collected [1,2]. This choice makes the time-variable

function which appears in the series solution of the

problem explicitly independent of the thermal diffusiv-

ity. For this reason the solution does not represent the

physical reality of the problem, although it yields correct

quantitative results, and the computation of the eigen-

values and corresponding eigenfunctions results is a

quite lengthy and difficult matter.

After Vodicka, the analysis of unsteady-state heat

conduction in composite solids has been under devel-

opment for some 50 years and includes individual con-

tributions of inspired quality. Noteworthy attempts are

those of Mikhailov et al. [3], Carslaw and Jaeger [4],

Huang and Chang [5] and Feng and Michaelides [6],

Haji-Sheikh and Beck [7], and Yener and €OOzis�ik [8], to

which correspond, respectively, the orthogonal expan-

sion technique, the Laplace transform method, the

Green’s function approach, the Galerkin procedure and

the finite integral transform technique. The reader may

refer to €OOzis�ik [9] for a quite complete review of the

specialized literature. However, with the exception of

Carslaw and Jaeger [4], who only considered regions of

infinite and semi-infinite thickness, all attempts drew on

Vodicka’ approach. Herein lies their mathematical dif-

ficulty, which is mainly related to the determination of

the eigenvalues and corresponding eigenfunctions. In

fact, in transient heat conduction the thermal diffusivity

acts straight on only the time-dependent function, and

the method of Vodicka is ill equipped to do it. Con-

cerning this, Nietzsche would say that a difficulty per-

sists only for as long as it is subject to inappropriate

(although outstanding) methods of attack [10].

As a matter of fact, another exact closed-form solu-

tion for the transient thermal response of multi-layer

composite media was independently derived by Tittle

[11]. He applied the separation-of-variables method to

the problem at issue and, with an appropriate choice

concerning the position of the thermal diffusivity in the
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modified heat conduction equation, he made the vari-

able–time function dependent on this thermal property.

Then, Tittle first established physical constraints ex-

pressed by means of mathematical relationships linking

the eigenvalues related to each of the M layers which are

usually different in the different regions of the composite

solid [11]. These relationships are the essence of com-

posite medium analysis itself. They follow straight from

the continuity of both temperature and conduction heat

flux at the surfaces of separation of the composite body

when perfect thermal contact between adjacent layers is

verified. However, the calculation of the quasi-orthog-

onal eigenfunctions corresponding to the eigenvalues of

the problem is a quite lengthy and difficult matter. The

specialized literature indicates only one transient multi-

layer work [12] which drew on Tittle’s source.

A ‘natural’ analytic approach for solving one-di-

mensional transient heat conduction in a two-layer series

composite slab was recently developed by de Monte [13].

It combines the efficiency of Tittle’s approach for the

determination of the physical constraints relating the

eigenvalues with the simplicity of Vodicka’s approach

for the calculation of the orthogonality relation linking

the eigenfunctions.

Nomenclature

Bi1, BiMþ1 Biot numbers at the outer boundary

surfaces: h1x1=k1 and hMþ1x1=k1
c integration coefficient

fiðxÞ arbitrary initial temperature

distribution for the ith layer

FiðxÞ arbitrary initial temperature difference

for the ith layer: T1 � fiðxÞ
h1, hMþ1 convective heat transfer coefficients at

the outer boundary surfaces

J0 zero-order Bessel function of the first

kind

J1 first-order Bessel function of the first

kind

ki thermal conductivity of the ith layer

M number of layers

N norm

q integer number (q ¼ 0, 1, 2 for plate,

cylinder and sphere, respectively)

t time

Ti temperature for the ith layer of the

composite medium

T0 uniform initial temperature of the

composite domain

T1 fluid temperature

x space coordinate (either rectangular,

cylindrical or spherical)

x1, xMþ1 values of the space coordinate at the

outer boundary surfaces

xi values of the space coordinate at the

inner boundary surfaces

ði ¼ 2; 3; . . . ;MÞ
~XXi solutions to Eqs. (10) ði ¼ 1; 2; . . . ;MÞ
~XXi;m mth eigenfunction corresponding to bm

for the ith layer

Y0 zero-order Bessel function of the

second kind

Y1 first-order Bessel function of the

second kind

Greek symbols

ai thermal diffusivity of the ith layer

b dimensionless constant of separation:

kx1
bm mth dimensionless eigenvalue: kmx1
ci geometric ratio: xi=x1 ði ¼ 1; 2; . . . ;M ;

M þ 1Þ
di thermal diffusivity ratio: ai=a1 ði ¼ 1;

2; . . . ;MÞ
hi temperature difference for the ith layer:

T1 � Ti
h0 uniform initial temperature difference:

T1 � T0

Hi dimensionless temperature for the ith
layer: hi=h0

ji thermal conductivity ratio: ki=k1
ði ¼ 1; 2; . . . ;MÞ

k constant of separation

km mth eigenvalue

n dimensionless space coordinate:

x=x1
Pi functions defined by Eqs. (18a)–(18c)

and (22a)–(22c) (for three-layer

cylinder see Eqs. (42a)–(42c))

s dimensionless time (or Fourier

number): a1t=x21
Ui functions defined by Eqs. (15) (for

three-layer cylinder see Eqs. (43))

Ui;i�1 functions defined by Eqs. (17a), (17b)

and (21a), (21b)

Subscripts

i ith layer defined in the domain xi 6 x6
xiþ1 ði ¼ 1; 2; . . . ;MÞ

m integer number (positive)

n integer number (positive)

Superscripts

þ dimensionless
0 first derivative with respect to x
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In the present paper the proposed method is applied

to composites of any number of layers, and in particular

it allows composite media of rectangular, cylindrical and

spherical layers which are in perfect thermal contact to

be simultaneously treated. The combined method is

relatively simple and particularly convenient and pow-

erful when compared with classical methods so far em-

ployed. In fact, it yields the transcendental equation

(eigencondition) for the determination of the eigenvalues

in a definitive form which results to be virtually and

symbolically independent of the number of layers. Also

the algebraic expressions for the calculation of the co-

efficients which appear in the corresponding eigenfunc-

tions are given in a definitive form for each of the M
layers. Moreover, a new type of orthogonality relation-

ship is also developed by the author and then used as a

straightforward matter to achieve the final series form of

the exact closed-form solution.

The treatment that follows presents the essence of the

‘natural’ analytic approach itself, and shows that the

unsteady heat conduction processes in composite solids

may be solved without the problems usually associated

with the conventional techniques based on Vodicka’s

source.

2. Mathematical modeling of M-layer unsteady heat

conduction

Consider a composite solid consisting of M parallel

layers in perfect thermal contact, as shown in Fig. 1. Let

ki and ai be the thermal conductivity and the thermal

diffusivity of the ith layer, respectively ði ¼ 1; 2; . . . ;MÞ.
Initially ðt ¼ 0Þ the body, which is confined to the do-

main x1 6 x6 xMþ1, is at a specified temperature f ðxÞ.
Suddenly, at t ¼ 0, both boundary surfaces of the

composite solid are subjected to convection heat flux. In

particular, a fluid at a temperature T1 with a heat

transfer coefficient h1 flows over the outer surface x ¼ x1,
and another fluid at the same temperature T1 but with a

different heat transfer coefficient hMþ1 flows over the

other outer surface x ¼ xMþ1.

The assumptions made in deriving the mathematical

modeling of the proposed unsteady heat conduction

process are: (a) there is no heat generation within the

body; (b) the thermal properties, i.e., conductivity and

diffusivity, are independent of temperature and are

uniform within each of the M layers; (c) the temperature

T1 of the fluid surrounding the medium is spatially

uniform and maintained constant for times t > 0; (d) the

multi-layer solid is sufficiently large in the y and z di-

rections in comparison to its thickness in the x direction;

and (e) the heat transfer coefficients h1 and hMþ1 are

uniform and constant.

Therefore, the heat conduction problem at issue can

be considered linear, one-dimensional, and also homo-

geneous setting hiðx; tÞ ¼ T1 � Tiðx; tÞ ði ¼ 1; 2; . . .MÞ
[9]. Its final mathematical formulation in a generic co-

ordinate system, namely either rectangular, cylindrical

or spherical, may be given as ðtP 0Þ

• Heat conduction differential equations:

1

xq
o

ox
xq
ohi

ox

� �
¼ 1

ai

ohi

ot
;

x 2 ½xi; xiþ1
 ði ¼ 1; 2; . . . ;MÞ; ð1Þ

where q ¼ 0, 1, 2 for plate, cylinder and sphere, re-

spectively.

• Outer boundary condition ðx ¼ x1Þ:

�k1
oh1

ox

� �
x1

þ h1h1ðx1; tÞ ¼ 0: ð2Þ

• Inner boundary conditions ðx ¼ xiÞ:

hi�1ðxi; tÞ ¼ hiðxi; tÞ ði ¼ 2; 3; . . . ;MÞ; ð3Þ

ki�1

ohi�1

ox

� �
xi

¼ ki
ohi

ox

� �
xi

ði ¼ 2; 3; . . . ;MÞ: ð4Þ

• Outer boundary condition ðx ¼ xMþ1Þ:

kM
ohM

ox

� �
xMþ1

þ hMþ1hM ðxMþ1; tÞ ¼ 0: ð5Þ

• Initial conditions:

hiðx; t ¼ 0Þ ¼ FiðxÞ;
x 2 ½xi; xiþ1
 ði ¼ 1; 2; . . . ;MÞ: ð6Þ

Eqs. (3) say that at the surfaces of separation xi
ði ¼ 2; 3; . . .MÞ of the M-layer solid the temperatures in

two adjacent regions are the same, which will be valid

for only perfect thermal contact. Eqs. (4), instead, state

that the conduction heat flux is continuous in corre-

spondence to each inner boundary surface [14]. The set

of equations (1)–(6) can analytically be solved as shown

in the next section.
Fig. 1. Schematic representation of a multi-layer composite

medium.
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3. A ‘natural’ analytic technique for solving M-layer

unsteady heat conduction

Eqs. (1) may be solved by assuming product solutions

(separation-of-variables method) defined as [9]

hiðx; tÞ ¼ XiðxÞGiðtÞ;
tP 0; x 2 ½xi; xiþ1
 ði ¼ 1; 2; . . . ;MÞ: ð7Þ

Substituting Eqs. (7) in Eqs. (1), we obtain the modified

heat conduction equations:

1

xq
1

Xi

d

dx
xq

dXi

dx

� �
¼ 1

aiGi

dGi

dt
¼ �k2

i ;

tP 0; x 2 ½xi; xiþ1
 ði ¼ 1; 2; . . . ;MÞ; ð8Þ

where ki ði ¼ 1; 2; . . .MÞ are the separation constants,

each corresponding to its own layer. It will be shown

afterwards that physical constraints link these constants.

In separating the variables, the thermal diffusivities ai

have been retained on the left-hand side of Eqs. (8)

where the time-dependent functions are collected. This

‘natural’ way we proceed makes the functions GiðtÞ ex-

plicitly dependent on the corresponding thermal diffu-

sivities, and consequently the analytic solution to the

problem consistent with the physical reality of the

transient heat conduction processes. The ‘natural’ sep-

aration given by Eqs. (8) produces 2 by M ordinary

differential equations

dGi

dt
þ k2

i aiGi ¼ 0; tP 0 ði ¼ 1; 2; . . . ;MÞ; ð9Þ

1

xq
d

dx
xq

dXi

dx

� �
þ k2

i Xi ¼ 0;

x 2 ½xi; xiþ1
 ði ¼ 1; 2; . . . ;MÞ: ð10Þ

The solutions for the time-variable functions are readily

obtained from Eqs. (9) as

GiðtÞ ¼ e�k2i ai t; tP 0 ði ¼ 1; 2; . . . ;MÞ: ð11Þ

The solutions for the space-dependent functions, in-

stead, are determined by solving Helmholtz equations

(10), which are characterized by only one space-coordi-

nate, x. They can be taken as

XiðxÞ ¼ aiXaðki; xÞ þ biXbðki; xÞ;
x 2 ½xi; xiþ1
 ði ¼ 1; 2; . . . ;MÞ; ð12Þ

where Xaðki; xÞ and Xbðki; xÞ are linearly independent

solutions of Eqs. (10), and ai and bi are the integration

constants related to the ith layer of the composite me-

dium. Table 1 shows the functions Xaðki; xÞ and Xbðki; xÞ
for composites of rectangular, cylindrical and spherical

layers.

3.1. Application of boundary conditions

By requiring that the solutions hiðx; tÞ ¼ XiðxÞGiðtÞ
ði ¼ 1; 2; . . . ;MÞ satisfy the boundary conditions (2)–(5),

the following results are derived:

XiðxÞ ¼ a1Uiðk1; . . . ; kiÞ ~XXiðk1; . . . ; ki; xÞ;
x 2 ½xi; xiþ1
 ði ¼ 1; 2; . . . ;MÞ; ð13Þ

ki ¼ k1

ffiffiffiffiffiffiffiffiffiffiffi
a1=ai

p
ði ¼ 2; 3; . . . ;MÞ: ð14Þ

Eqs. (14) constrain the constants of separation ki and

the thermal diffusivities ai, which are usually different in

the different regions of the composite medium. They are

fundamental in order to ensure that the inner boundary

conditions (3) and (4) are verified, since the thermal

diffusivity is in general discontinuous at the surfaces of

separation of the layers. As a matter of fact, these re-

lationships were originally derived by Tittle [11].

The functions Ui and ~XXi ði ¼ 1; 2; . . . ;MÞ, which ap-

pear in Eqs. (13), are given by

U1ðk1Þ ¼ 1; Uiðk1; . . . ; kiÞ ¼ Ui;i�1Ui�1;i�2 � � �U3;2U2;1

ði ¼ 2; 3; . . . ;MÞ; ð15Þ

~XXiðk1; . . . ; ki; xÞ ¼ Xaðki; xÞ þ Piðk1; . . . ; kiÞXbðki; xÞ;
x 2 ½xi; xiþ1
 ði ¼ 1; 2; . . . ;MÞ: ð16Þ

The functions Ui;i�1 ði ¼ 2; 3; . . . ;MÞ appearing in Eqs.

(15) are defined as

Ui;i�1ðk1; . . . ; kiÞ ¼
~XXi�1ðk1; . . . ; ki�1; xiÞ
~XXiðk1; . . . ; ki; xiÞ

ði ¼ 2; 3; . . . ;MÞ; ð17aÞ

UM ;M�1ðk1; . . . ; kM Þ ¼
kM�1

kM

~XX 0
M�1ðk1; . . . ; kM�1; xM Þ
~XX 0
M ðk1; . . . ; kM ; xM Þ

:

ð17bÞ

It may be noted that the function UM ;M�1 can be

obtained both by means of Eq. (17a) setting i ¼ M and

by means of Eq. (17b). Instead the functions Pi

ði ¼ 1; 2; . . . ;MÞ, which explicitly appear in Eqs. (16)

and implicitly appear in Eqs. (17a) and (17b) by means

of ~XXi, are given by

Table 1

Linearly independent solutions Xaðki; xÞ and Xbðki; xÞ of Eqs.

(10) for slabs, cylinders and spheres ði ¼ 1; 2; . . . ;MÞ

q (geometry) Xaðki; xÞ Xbðki; xÞ

0 (slab) sinðkixÞ cosðkixÞ

1 (cylinder) J0ðkixÞ Y0ðkixÞ

2 (sphere) sinðkixÞ
x

cosðkixÞ
x
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P1ðk1Þ ¼ � h1Xaðk1; x1Þ � k1X 0
aðk1; x1Þ

h1Xbðk1; x1Þ � k1X 0
bðk1; x1Þ

; ð18aÞ

Piðk1; . . . ; kiÞ ¼ � kiX 0
aðki; xiÞ ~XXi�1ðk1; . . . ; ki�1; xiÞ

�
� ki�1Xaðki; xiÞ ~XX 0

i�1ðk1; . . . ; ki�1; xiÞ
�

�
kiX 0

bðki; xiÞ ~XXi�1ðk1; . . . ; ki�1; xiÞ
�
� ki�1Xbðki; xiÞ ~XX 0

i�1ðk1; . . . ; ki�1; xiÞ
�

ði ¼ 2; 3; . . . ;MÞ; ð18bÞ

PM ðkM Þ ¼ � hMþ1XaðkM ; xMþ1Þ þ kMX 0
aðkM ; xMþ1Þ

hMþ1XbðkM ; xMþ1Þ þ kMX 0
bðkM ; xMþ1Þ

:

ð18cÞ

It may still be observed that the function PM can

be evaluated by both Eq. (18b) for i ¼ M and

Eq. (18c). In view of Eqs. (14), these two equations

depend on only the constant of separation k1 (see

next section).

3.2. Application of Eqs. (14)

Bearing in mind the M � 1 relationships (14) and

setting k1 ¼ k and a1 ¼ c, the solutions hiðx; tÞ
ði ¼ 1; 2; . . . ;MÞ assume the following expressions:

hiðx; tÞ ¼ cUiðkÞ ~XXiðk; xÞe�k2a1t; tP 0;

x 2 ½xi; xiþ1
 ði ¼ 1; 2; . . . ;MÞ; ð19Þ

where the functions ~XXi ði ¼ 1; 2; . . . ;MÞ become

~XXiðk; xÞ ¼ Xaðk
ffiffiffiffiffiffiffiffiffiffiffi
a1=ai

p
; xÞ þ PiðkÞXbðk

ffiffiffiffiffiffiffiffiffiffiffi
a1=ai

p
; xÞ;

x 2 ½xi; xiþ1
 ði ¼ 1; 2; . . . ;MÞ: ð20Þ

The linearly independent solutions of Eqs. (10), i.e.,

Xaðk
ffiffiffiffiffiffiffiffiffiffiffi
a1=ai

p
; xÞ and Xbðk

ffiffiffiffiffiffiffiffiffiffiffi
a1=ai

p
; xÞ, which appear in

Eqs. (20), may be obtained from Table 1 simply set-

ting ki ¼ k
ffiffiffiffiffiffiffiffiffiffiffi
a1=ai

p
ði ¼ 1; 2; . . . ;MÞ. Additionally, the

functions Ui ði ¼ 1; 2; . . . ;MÞ are still defined by means

of Eqs. (15), while the inherent functions Ui;i�1

ði ¼ 2; 3; . . . ;MÞ may be rewritten as

Ui;i�1ðkÞ ¼
~XXi�1ðk; xiÞ
~XXiðk; xiÞ

ði ¼ 2; 3; . . . ;MÞ; ð21aÞ

UM ;M�1ðkÞ ¼
kM�1

kM

~XX 0
M�1ðk; xM Þ
~XX 0
M ðk; xM Þ

: ð21bÞ

As far as the functions Pi ði ¼ 1; 2; . . . ;MÞ are con-

cerned, they become

P1ðkÞ ¼ � h1Xaðk; x1Þ � k1X 0
aðk; x1Þ

h1Xbðk; x1Þ � k1X 0
bðk; x1Þ

; ð22aÞ

PiðkÞ ¼ � kiX 0
aðk

ffiffiffiffiffiffiffiffiffiffiffi
a1=ai

p
; xiÞ ~XXi�1ðk; xiÞ

h
� ki�1Xaðk

ffiffiffiffiffiffiffiffiffiffiffi
a1=ai

p
; xiÞ ~XX 0

i�1ðk; xiÞ
i

.
kiX 0

bðk
ffiffiffiffiffiffiffiffiffiffiffi
a1=ai

p
; xiÞ ~XXi�1ðk; xiÞ

h
� ki�1Xbðk

ffiffiffiffiffiffiffiffiffiffiffi
a1=ai

p
; xiÞ ~XX 0

i�1ðk; xiÞ
i

ði ¼ 2; 3; . . . ;MÞ; ð22bÞ

PM ðkÞ ¼ � hMþ1Xaðk
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a1=aM

p
; xMþ1Þ

h
þ kMX 0

aðk
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a1=aM

p
; xMþ1Þ

i
.

hMþ1Xbðk
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a1=aM

p
; xMþ1Þ

h
þ kMX 0

bðk
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a1=aM

p
; xMþ1Þ

i
: ð22cÞ

Comparing Eq. (21a) for i ¼ M and Eq. (21b), as well as

Eq. (22b) for i ¼ M and Eq. (22c), yields the following

set of algebraic equations:

~XXM�1ðk; xM Þ
~XXM ðk; xM Þ

� kM�1

kM

~XX 0
M�1ðk; xM Þ
~XX 0
M ðk; xM Þ

¼ 0; ð23Þ

kMX 0
aðk

ffiffiffiffiffiffiffiffiffiffiffiffiffi
a1=aM

p
;xM Þ ~XXM�1ðk;xM Þ

h
�kM�1Xaðk

ffiffiffiffiffiffiffiffiffiffiffiffiffi
a1=aM

p
;xMÞ ~XX 0

M�1ðk;xM Þ
i

.
kMX 0

bðk
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a1=aM

p
;xM Þ ~XXM�1ðk;xM Þ

h
�kM�1Xbðk

ffiffiffiffiffiffiffiffiffiffiffiffiffi
a1=aM

p
;xMÞ ~XX 0

M�1ðk;xM Þ
i

� hMþ1Xaðk
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a1=aM

p
;xMþ1Þ

h
þkMX 0

aðk
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a1=aM

p
;xMþ1Þ

i
.

hMþ1Xbðk
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a1=aM

p
;xMþ1Þ

h
þkMX 0

bðk
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a1=aM

p
;xMþ1Þ

i
¼0:

ð24Þ

Hence Eqs. (19) simultaneously satisfy (1)–(5), where

c is a constant depending on the initial conditions (6)

and k is any number other than zero (in particular,

greater than zero for cylinders) which simultaneously

verifies the transcendental equations (23) and (24).

However, only Eq. (24) represents the eigencondition of

the considered unsteady-state heat conduction problem

and allows the corresponding eigenvalues km ðm ¼
1; 2; 3; . . .Þ to be calculated. In fact, substituting Eq. (20)

for i ¼ M in Eq. (23), it can be proven with appropriate

manipulations that this equation reduces to only Eq.

(22b) for i ¼ M . Consequently, Eq. (23) does not give

any useful information concerning the eigenvalues of the

problem.

Therefore, there are numerous solutions having the

forms (19), each corresponding to a consecutive value of

the eigenvalues k1 < k2 < � � � km < � � � ðm ¼ 1; 2; 3; . . .Þ:

hi;mðx; tÞ ¼ cmUi;m ~XXi;mðxÞe�k2ma1 t;

tP 0; x 2 ½xi; xiþ1
 ði ¼ 1; 2; . . . ;MÞ; ð25Þ
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where Ui;m ¼ UiðkmÞ; of course, Ui;i�1;m ¼ Ui;i�1ðkmÞ. The

functions ~XXi;mðxÞ ¼ ~XXiðkm; xÞ ði ¼ 1; 2; . . . ;MÞ are the

eigenfunctions corresponding to the eigenvalues km, and

are defined as

~XXi;mðxÞ ¼ Xaðkm

ffiffiffiffiffiffiffiffiffiffiffi
a1=ai

p
; xÞ þ Pi;mXbðkm

ffiffiffiffiffiffiffiffiffiffiffi
a1=ai

p
; xÞ;

x 2 ½xi; xiþ1
 ði ¼ 1; 2; . . . ;MÞ; ð26Þ

where Pi;m ¼ PiðkmÞ. It may be proven (Appendix A)

that the eigenfunctions ~XXi;mðxÞ ði ¼ 1; 2; . . . ;MÞ defined

before are orthogonal functions. In fact, they satisfy the

new type of orthogonality relationshipXM
i¼1

Ui;mUi;n
ki
ai

� �Z xiþ1

xi

xq ~XXi;mðxÞ ~XXi;nðxÞdx

¼ 0 for m 6¼ n;
Nm for m ¼ n;



ð27Þ

which may be called ‘natural’ orthogonality property ac-

cording to the ‘natural’ choice performed in separating the

variables, as shown in the modified heat conduction

equations (8). The functions ~XXi;mðxÞ and ~XXi;nðxÞ appearing
in Eqs. (27) represent two different eigenfunctions for the

ith layer corresponding to two different eigenvalues km

and kn, respectively. The constant Nm, called normaliza-

tion integral (norm) and connected to km, is defined as

Nm ¼
XM
i¼1

ðUi;mÞ2
ki
ai

� �Z xiþ1

xi

xqð ~XXi;mÞ2 dx; ð28Þ

and, for this particular case, its inherent integrals may be

evaluated as (Appendix B)

Z xiþ1

xi

xqð ~XXi;mÞ2 dx ¼
xqþ1ð ~XXi;mÞ2

2

" #xiþ1

xi

þ
xqþ1ð ~XX 0

i;mÞ
2

2k2
mða1=aiÞ

2
4

3
5

xiþ1

xi

þ ðq� 1Þ
xq ~XXi;m ~XX 0

i;m

2k2
mða1=aiÞ

2
4

3
5

xiþ1

xi

ði ¼ 1; 2; . . . ;MÞ; ð29Þ

where q ¼ 0, 1, 2 for plate, cylinder and sphere, re-

spectively. It may be noted that the last term on the

right-hand side of Eqs. (29) vanishes for composites of

cylindrical parallel layers ðq ¼ 1Þ.
Then the complete solutions for the temperature

distributions hiðx; tÞ ði ¼ 1; 2; . . . ;MÞ are constructed by

taking a linear sum of all individual solutions given by

Eqs. (25):

hiðx; tÞ ¼
X1
m¼1

cmUi;m ~XXi;mðxÞe�k2ma1t;

tP 0; x 2 ½xi; xiþ1
 ði ¼ 1; 2; . . . ;MÞ; ð30Þ

where the summation is over all eigenvalues. The final

series forms of the solutions satisfy the heat conduction

partial differential equations (1), and the boundary

conditions (2)–(5). But they do not satisfy the initial

conditions (6), which can be applied to evaluate the last

unknown coefficients cm.

3.3. Application of initial conditions

We now constrain the solutions (30) to satisfy the cor-

responding initial conditions expressed by (6), and obtain

FiðxÞ ¼
X1
m¼1

cmUi;m ~XXi;mðxÞ;

x 2 ½xi; xiþ1
 ði ¼ 1; 2; . . . ;MÞ: ð31Þ

The coefficients cm can be determined by using the or-

thogonality relation (27) as now described. Both sides of

Eqs. (31) can be multiplied by xqðki=aiÞUi;n ~XXi;nðxÞ, and

the resulting expressions can be integrated with respect

to x from x ¼ xi to x ¼ xiþ1. It will result in

Ui;n
ki
ai

� �Z xiþ1

xi

xqFiðxÞ ~XXi;nðxÞdx

¼
X1
m¼1

cmUi;mUi;n
ki
ai

� �Z xiþ1

xi

xq ~XXi;mðxÞ ~XXi;nðxÞdx

ði ¼ 1; 2; . . . ;MÞ: ð32Þ

Summing up the resulting expressions (32) from i ¼ 1 to

M (i.e., over all domains of the composite medium), we

have

XM
i¼1

Ui;n
ki
ai

� �Z xiþ1

xi

xqFiðxÞ ~XXi;nðxÞdx

¼
X1
m¼1

cm
XM
i¼1

Ui;mUi;n
ki
ai

� �Z xiþ1

xi

xq ~XXi;mðxÞ ~XXi;nðxÞdx
" #

:

ð33Þ
In view of the orthogonality property (27), the term

inside the square brackets on the right-hand side of Eq.

(33) vanishes for m 6¼ n, and becomes equal to Nm ex-

pressed by Eqs. (28) and (29) for m ¼ n. Therefore, the

coefficients cm are given by

cm ¼ 1

Nm

XM
i¼1

Ui;m
ki
ai

� �Z xiþ1

xi

xqFiðxÞ ~XXi;mðxÞdx: ð34Þ

The substitution of cm from Eq. (34) in Eqs. (30) gives

the final series forms of the solutions for the calculation

of the thermal fields within each of the M layers of the

composite solid. If the solid is initially at a uniform

temperature T0, then FiðxÞ ¼ h0 ði ¼ 1; 2; . . . ;MÞ, and the

coefficients cm are determined as

cm ¼ h0

Nm

XM
i¼1

Ui;m
ki
ai

� �Z xiþ1

xi

xq ~XXi;mðxÞdx; ð35Þ

where the integral appearing on the right-hand side of

the previous equation may readily be solved. In fact, in
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view of Eq. (A.3) with k ¼ m and applying the integra-

tion by parts, we deriveZ xiþ1

xi

xq ~XXi;mðxÞdx ¼ �
xq ~XX 0

i;mðxÞ
k2
mða1=aiÞ

2
4

3
5

xiþ1

xi

ði ¼ 1; 2; . . . ;MÞ: ð36Þ

3.4. Dimensionless groups

From Eqs. (30), with the coefficients cm determined

by means of Eqs. (35) and (36), it follows that the

temperatures hiðx; tÞ ði ¼ 1; 2; . . . ;MÞ depend on the

following physical parameters ð6þ 3MÞ:

x; t; ki; xi; xMþ1; h1; hMþ1; ai; h0

ði ¼ 1; 2; . . . ;MÞ: ð37Þ

Buckingham’s ‘pi’ theorem [15] states that, with four

basic dimensions, mass [M], length [L], time [t] and

temperature [T], which are sufficient for describing un-

steady heat conduction by physical variables, a reduc-

tion of up to four may be hoped for in the number of

these variables. Therefore, the process of applying the

‘pi’ theorem will result in a total of 2þ 4M dimension-

less groups. There is a choice of algebraic techniques for

determining a consistent set of groupings [14,15]. Ap-

plying any preferred technique results in the following

set of groups (or in an equivalent set achieved by com-

bination):

n; s; ji; ci; cMþ1; Bi1; BiMþ1; di; H1; Hi

ði ¼ 2; 3; . . . ;MÞ: ð38Þ

It may be observed that the dimensionless groups

(38), with the exception of Hi ði ¼ 1; 2; . . . ;MÞ, have

been based on the first layer, as done in [16,17]. The non-

dimensional parameters listed before may be varied in

form by algebraic combination, but the total number of

independent groups ð2þ 4MÞ remains the same.

4. Application of the ‘natural’ analytic technique

In this section we illustrate the application of the

‘natural’ analytic approach described in the previous

section for the solution of the homogeneous problem of

one-dimensional transient heat conduction in a com-

posite medium consisting of three parallel cylindrical

layers initially at a uniform temperature h0.

Introducing the normalized variables derived in

Section 3.4, the dimensionless thermal fields Hi

ði ¼ 1; 2; 3Þ for the problem at issue can be represented

as follows:

Hiðn; sÞ ¼
X1
m¼1

cþmUi;m
~XXi;mðnÞe�b2

ms;

s P 0; n 2 ½ci; ciþ1
 ði ¼ 1; 2; 3Þ; ð39Þ

where c1 ¼ 1. The quantity bm ¼ kmx1 represents the mth

dimensionless eigenvalue (root) of the following eigen-

condition:

ðj3=
ffiffiffiffiffi
d3

p
ÞJ1ðbc3=

ffiffiffiffiffi
d3

p
Þ ~XX2ðc3Þ

h
� ðj2=

ffiffiffiffiffi
d2

p
ÞJ0ðbc3=

ffiffiffiffiffi
d3

p
ÞK2ðc3Þ

i
.

ðj3=
ffiffiffiffiffi
d3

p
ÞY1ðbc3=

ffiffiffiffiffi
d3

p
Þ ~XX2ðc3Þ

h
� ðj2=

ffiffiffiffiffi
d2

p
ÞY0ðbc3=

ffiffiffiffiffi
d3

p
ÞK2ðc3Þ

i
� Bi4J0ðbc4=

ffiffiffiffiffi
d3

p
Þ

h
� ðbj3=

ffiffiffiffiffi
d3

p
ÞJ1ðbc4=

ffiffiffiffiffi
d3

p
Þ
i.

Bi4Y0ðbc4=
ffiffiffiffiffi
d3

p
Þ

h
� ðbj3=

ffiffiffiffiffi
d3

p
ÞY1ðbc4=

ffiffiffiffiffi
d3

p
Þ
i
¼ 0: ð40Þ

The functions ~XX2ðc3Þ and K2ðc3Þ appearing in Eq. (40)

may be obtained from relations (41) and (45), respec-

tively, simply setting i ¼ 2, bm ¼ b and n ¼ c3. The

eigenfunctions ~XXi;mðnÞ ði ¼ 1; 2; 3Þ in the solutions (39)

assume the following expressions:

~XXi;mðnÞ ¼ J0ðbmn=
ffiffiffiffi
di

p
Þ þ Pi;mY0ðbmn=

ffiffiffiffi
di

p
Þ;

n 2 ½ci; ciþ1
 ði ¼ 1; 2; 3Þ; ð41Þ

where d1 ¼ 1. In particular, the functions Pi;m

ði ¼ 1; 2; 3Þ may be evaluated as

P1;m ¼ � Bi1J0ðbmÞ þ bmJ1ðbmÞ
Bi1Y0ðbmÞ þ bmY1ðbmÞ

; ð42aÞ

P2;m ¼� ðj2=
ffiffiffiffiffi
d2

p
ÞJ1ðbmc2=

ffiffiffiffiffi
d2

p
Þ ~XX1;mðc2Þ

h
� J0ðbmc2=

ffiffiffiffiffi
d2

p
ÞK1;mðc2Þ

i
.

ðj2=
ffiffiffiffiffi
d2

p
ÞY1ðbmc2=

ffiffiffiffiffi
d2

p
Þ ~XX1;mðc2Þ

h
� Y0ðbmc2=

ffiffiffiffiffi
d2

p
ÞK1;mðc2Þ

i
; ð42bÞ

P3;m ¼ � Bi4J0ðbmc4=
ffiffiffiffiffi
d3

p
Þ

h
� ðbmj3=

ffiffiffiffiffi
d3

p
ÞJ1ðbmc4=

ffiffiffiffiffi
d3

p
Þ
i.

Bi4Y0ðbmc4=
ffiffiffiffiffi
d3

p
Þ

h
� ðbmj3=

ffiffiffiffiffi
d3

p
ÞY1ðbmc4=

ffiffiffiffiffi
d3

p
Þ
i
;

ð42cÞ

where the quantities ~XX1;mðc2Þ and K1;mðc2Þ can be evalu-

ated by means of Eqs. (41) and (45), respectively, simply

setting i ¼ 1 and n ¼ c2. Instead the functions Ui;m

ði ¼ 1; 2; 3Þ, which appear in the solutions (39), become

U1;m ¼ 1; U2;m ¼
~XX1;mðc2Þ
~XX2;mðc2Þ

; U3;m ¼
~XX1;mðc2Þ ~XX2;mðc3Þ
~XX2;mðc2Þ ~XX3;mðc3Þ

;

ð43Þ

where the values of the eigenfunctions ~XX1;mðc2Þ, ~XX2;mðc2Þ,
~XX2;mðc3Þ and ~XX3;mðc3Þ may readily be obtained by means
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of Eq. (41) simply setting i equal to either 1, 2 or 3 and n
equal to either c2 or c3. In view of Eqs. (35) and (36) with

q ¼ 1, the dimensionless coefficient cþm ¼ cm=h0 appear-

ing in the thermal fields (39) may be calculated by the

following expressions ðj1 ¼ 1Þ:

cþm ¼ 1

Nþ
m bm

X3

i¼1

Ui;m
jiffiffiffiffi
di

p
� �

½nKi;mðnÞ
ciþ1

ci
; ð44Þ

where Nþ
m represents the dimensionless norm Nm, defined

as Nþ
m ¼ a1Nm=ðk1x21Þ, and the normalized functions

Ki;mðnÞ are given by

Ki;mðnÞ ¼ J1ðbmn=
ffiffiffiffi
di

p
Þ þ Pi;mY1ðbmn=

ffiffiffiffi
di

p
Þ;

n 2 ½ci; ciþ1
 ði ¼ 1; 2; 3Þ: ð45Þ

When the dimensionless variables defined in Section 3.4

are used, the norm Nm expressed by Eqs. (28) and (29)

with q ¼ 1 becomes

Nþ
m ¼ 1

2

X3

i¼1

ðUi;mÞ2
ji

di

� �
½n ~XXi;mðnÞ
2

n
þ ½nKi;mðnÞ
2

ociþ1

ci
:

ð46Þ

4.1. Numerical results

With reference to the transient three-cylindrical-

region problem here under consideration, we assume

for the dimensionless quantities which appear in the

relations of the previous section the following values:

c2 ¼ 2; c3 ¼ 4; c4 ¼ 6; j2 ¼ 4; j3 ¼ 4;

d2 ¼ 4; d3 ¼ 9; Bi1 ¼ 1; Bi4 ¼ 2: ð47Þ

Therefore, the transcendental equation (40) may

numerically be solved for the determination of the ei-

genvalues of the problem. In spite of its algebraic

complexity, it can easily be solved in view of the very

high computing technology available today [18]. In

particular, the number p of eigenvalues which has to

be used in the series solutions Hi ði ¼ 1; 2; 3Þ defined

by Eqs. (39) may be established by requiring that the

exact (p ! 1) and approximate ðp ¼ finiteÞ solutions

differ by not more than 3%, which is quite acceptable

in most engineering applications. Of course, the max-

imum deviations between the exact and approximate

non-dimensional temperatures are obtained for s ¼ 0

in correspondence to the outer boundary surfaces. It

can be proven that, when p ¼ 30, the percentage de-

viation for s ¼ 0 is less than 2.8% at n ¼ c4 ¼ 6 and

less than 2% at n ¼ c1 ¼ 1. In particular, the first 30

eigenvalues of the eigencondition (40) are given in

Table 2.

Fig. 2 shows the dimensionless thermal field for the

considered three-layer composite cylinder both as a

function of n with s as a parameter (Fig. 2(a)) and versus

s for different values of the parameter n (Fig. 2(b)). As

illustrated in Fig. 2(b), there exists a point of intersection

when s ¼ 0:3 between the curve ‘‘n ¼ 1’’ and the curve

‘‘n ¼ 5’’. Therefore, for s > 0:3 the heating ðh0 > 0Þ or

cooling ðh0 < 0Þ process of the medium occurs more

quickly at the inner cylindrical surface n ¼ 5 than at the

outer cylindrical surface n ¼ 1 (the curve ‘‘n ¼ 5’’ be-

comes steeper than the curve ‘‘n ¼ 1’’). This behavior

can also be observed in Fig. 2(a) and it can be justified

on the basis of the values given to the dimensionless

variables of the problem, in particular Bi4 ¼ 2 against

Bi1 ¼ 1 and d3 ¼ 9.

5. Conclusions

A ‘natural’ analytic approach for solving transient

multi-layer problems has been derived. It can be applied

to composite media of any number of layers in any

frame of reference, i.e., either rectangular, cylindrical or

spherical. A comparison with the traditional techniques

Table 2

First 30 roots (eigenvalues) of Eq. (40) when the values of the

dimensionless variables are defined by (47)

m bm Value of bm

1 b1 0.75250

2 b2 1.83236

3 b3 2.63508

4 b4 3.79369

5 b5 4.91960

6 b6 6.05853

7 b7 7.33670

8 b8 8.22265

9 b9 9.52359

10 b10 10.8582

11 b11 11.7651

12 b12 13.0337

13 b13 14.2109

14 b14 15.3854

15 b15 16.6749

16 b16 17.5780

17 b17 18.8996

18 b18 20.2370

19 b19 21.1472

20 b20 22.4255

21 b21 23.6065

22 b22 24.7853

23 b23 26.0748

24 b24 26.9812

25 b25 28.3078

26 b26 29.6447

27 b27 30.5554

28 b28 31.8368

29 b29 33.0186

30 b30 34.1988
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based on Vodicka’s approach shows the following ad-

vantages of the proposed method:

• the coefficients ai and bi, which appear in the solu-

tions of Helmholtz equations, are determined in a

definitive form for each of the M layers with i as an

index ði ¼ 1; 2; . . . ;MÞ, and therefore their algebraic

expressions can be applied to composites of any num-

ber of layers;

• the transcendental equation for the determination of

the eigenvalues is obtained in a definitive form and

results to be valid for composite media of any num-

ber of layers;

• the integrals inherent to the norm Nm are derived in

a general form assuming the integer number q as a

parameter, where q ¼ 0, 1, 2 for composites of rec-

tangular, cylindrical and spherical layers, respectively;

• the integrals inherent to the integration coefficient cm
are still determined in a general form with q as a

parameter when the solid is initially at a uniform

temperature.

A numerical example concerning a composite cylin-

der of three parallel layers initially at a uniform tem-

perature has shown that the ‘natural’ analytic approach

proposed by the author allows the calculation of the

transient temperature within the considered body to be

notably simplified.

Therefore, a large number of users might be able to

handle the simplified task.

Appendix A

We shall now prove the ‘natural’ orthogonality re-

lation (27) for the eigenfunctions ~XXi;mðxÞ ði ¼ 1; 2; . . . ;MÞ
defined by Eqs. (26). The starting point is the calculation

of the following expression:

XM
i¼1

ðkiUi;mUi;nIiÞ; ðA:1Þ

where the integrals Ii are given by

Ii ¼
a1

ai

� �
ðk2

m � k2
nÞ
Z xiþ1

xi

xq ~XXi;mðxÞ ~XXi;nðxÞdx

ði ¼ 1; 2; . . . ;MÞ: ðA:2Þ

The eigenfunctions ~XXi;kðxÞ (i ¼ 1; 2; . . . ;M and k ¼ m; n),
which appear in the solutions (30) and are defined in the

region xi 6 x6 xiþ1, satisfy the ordinary differential

equations (10), where k2
i ¼ k2

kða1=aiÞ with k ¼ m and n,
and the boundary conditions (2)–(5). Therefore, as the

boundary conditions (3) are redundant for the proof

here under consideration, it will result in

xqk2
kða1=aiÞ ~XXi;k ¼ � d

dx
ðxq ~XX 0

i;kÞ

ði ¼ 1; 2; . . . ;MÞ ðk ¼ m; nÞ; ðA:3Þ

~XX 0
1;kðx1Þ ¼ ðh1=k1Þ ~XX1;kðx1Þ ðk ¼ m; nÞ; ðA:4Þ

Fig. 2. Dimensionless temperature for a three-layer composite cylinder when the values of its dimensionless variables are defined by

(47): (a) H vs. n with s as a parameter; (b) H vs. s with n as a parameter.
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~XX 0
i;kðxiÞ ¼ ðki�1=kiÞ ~XX 0

i�1;kðxiÞU�1
i;i�1;k

ði ¼ 2; 3; . . . ;MÞ ðk ¼ m; nÞ; ðA:5Þ

~XX 0
M ;kðxMþ1Þ ¼ �ðhMþ1=kM Þ ~XXM ;kðxMþ1Þ
ðk ¼ m; nÞ: ðA:6Þ

Substituting Eqs. (A.3) in the integrals (A.2) and then

applying the integration by parts, we get

Ii ¼ xqiþ1Ii;iþ1ðxiþ1Þ � xqi Ii;iðxiÞ ði ¼ 1; 2; . . . ;MÞ; ðA:7Þ

where

Ii;iþ1ðxiþ1Þ ¼ ~XXi;mðxiþ1Þ ~XX 0
i;nðxiþ1Þ � ~XXi;nðxiþ1Þ ~XX 0

i;mðxiþ1Þ
ði ¼ 1; 2; . . . ;MÞ; ðA:8Þ

Ii;iðxiÞ ¼ ~XXi;mðxiÞ ~XX 0
i;nðxiÞ � ~XXi;nðxiÞ ~XX 0

i;mðxiÞ
ði ¼ 1; 2; . . . ;MÞ: ðA:9Þ

In view of Eqs. (A.4), expression (A.9) for i ¼ 1 becomes

I1;1ðx1Þ ¼ 0: ðA:10Þ

Bearing in mind Eqs. (A.5), expressions (A.9) for

i ¼ 2; 3; . . . ;M may be rewritten as

Ii;iðxiÞ ¼ ðki�1=kiÞU�1
i;i�1;mU�1

i;i�1;nIi�1;iðxiÞ
ði ¼ 2; 3; . . . ;MÞ: ðA:11Þ

In view of Eqs. (A.6), expression (A.8) for i ¼ M be-

comes

IM ;Mþ1ðxMþ1Þ ¼ 0: ðA:12Þ
Bearing in mind Eqs. (A.10)–(A.12), integrals Ii
ði ¼ 1; 2; . . . ;MÞ given by Eqs. (A.7) may be rewritten as

I1 ¼ xq2I1;2ðx2Þ; ðA:13Þ

Ii ¼ xqiþ1Ii;iþ1ðxiþ1Þ � xqi ðki�1=kiÞU�1
i;i�1;mU�1

i;i�1;nIi�1;iðxiÞ
ði ¼ 2; 3; . . . ;M � 1Þ; ðA:14Þ

IM ¼ �xqM ðkM�1=kM ÞU�1
M ;M�1;mU�1

M ;M�1;nIM�1;M ðxM Þ:
ðA:15Þ

Substituting integrals (A.2) in the expression (A.1), we

have

ðk2
m � k2

nÞa1

XM
i¼1

Ui;mUi;n
ki
ai

� �Z xiþ1

xi

xq ~XXi;mðxÞ ~XXi;nðxÞdx:

ðA:16Þ
Substituting integrals (A.13)–(A.15) in the expression

(A.1), we obtain that this expression vanishes. There-

fore, the following result is derived:

ðk2
m � k2

nÞ
XM
i¼1

Ui;mUi;n
ki
ai

� �Z xiþ1

xi

xq ~XXi;mðxÞ ~XXi;nðxÞdx ¼ 0;

ðA:17Þ
which immediately proves the orthogonality property

(27).

Appendix B

The integrals inherent to the norm Nm defined by

means of Eq. (28) can be solved applying the integration

by parts and following two different approaches of in-

tegrating as now described.

The former approach considers the product of two

functions, which are xq and ~XX 2
i;m, where the function xq is

chosen as an integrand. It will result inZ xiþ1

xi

xqð ~XXi;mÞ2 dx ¼
xqþ1ð ~XXi;mÞ2

qþ 1

" #xiþ1

xi

� 2

qþ 1

Z xiþ1

xi

xqþ1 ~XXi;m ~XX 0
i;m dx

ði ¼ 1; 2; . . . ;MÞ: ðB:1Þ

Substituting Eqs. (A.3) with k ¼ m in the ith integral

collected on the right-hand side of Eqs. (B.1) and then

applying the integration by parts, we obtain

Z xiþ1

xi

xqþ1 ~XXi;m
~XX 0
i;m dx ¼ �

xqþ1ð ~XX 0
i;mÞ

2

k2
mða1=aiÞ

2
4

3
5

xiþ1

xi

þ 1

k2
mða1=aiÞ

�
Z xiþ1

xi

xq ~XX 0
i;m

d

dx
ðx ~XX 0

i;mÞdx

ði ¼ 1; 2; . . . ;MÞ; ðB:2Þ

where the ith integral on the right-hand side of Eqs. (B.2)

may be evaluated as follows. In fact, setting xq ¼ xq�1x in

the derivative collected on the right-hand side of

Eqs. (A.3) with k ¼ m and differentiating the product of

two functions, which are xq�1 and x ~XX 0
i;m, with suitable

manipulations equations (A.3) may be rewritten as

xq
d

dx
ðx ~XX 0

i;mÞ ¼ �k2
mða1=aiÞxqþ1 ~XXi;m � ðq� 1Þxq ~XX 0

i;m

ði ¼ 1; 2; . . . ;MÞ: ðB:3Þ

Now, substituting Eqs. (B.3) in the ith integral which

appears on the right-hand side of Eqs. (B.2), we getZ xiþ1

xi

xq ~XX 0
i;m

d

dx
ðx ~XX 0

i;mÞdx ¼ �k2
mða1=aiÞ

Z xiþ1

xi

xqþ1 ~XXi;m ~XX 0
i;m dx

�ðq� 1Þ
Z xiþ1

xi

xqð ~XX 0
i;mÞ

2
dx

ði ¼ 1; 2; . . . ;MÞ: ðB:4Þ

In view of Eqs. (B.4) listed before, Eqs. (B.2) becomeZ xiþ1

xi

xqþ1 ~XXi;m ~XX 0
i;m dx

¼ �
xqþ1ð ~XX 0

i;mÞ
2

2k2
mða1=aiÞ

2
4

3
5

xiþ1

xi

� q� 1

2k2
mða1=aiÞ

Z xiþ1

xi

xqð ~XX 0
i;mÞ

2
dx

ði ¼ 1; 2; . . . ;MÞ; ðB:5Þ
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and then, substituting Eqs. (B.5) in Eqs. (B.1), we de-

termine the final result in the following form:

Z xiþ1

xi

xqð ~XXi;mÞ2 dx

¼ xqþ1ð ~XXi;mÞ2

qþ 1

" #xiþ1

xi

þ
xqþ1ð ~XX 0

i;mÞ
2

k2
mða1=aiÞðqþ 1Þ

2
4

3
5

xiþ1

xi

þ q� 1

k2
mða1=aiÞðqþ 1Þ

Z xiþ1

xi

xqð ~XX 0
i;mÞ

2
dx

ði ¼ 1; 2; . . . ;MÞ: ðB:6Þ

The latter approach for solving the integrals inherent

to the norm Nm considers the product of two functions,

which are xq ~XXi;m and ~XXi;m, where the function xq ~XXi;m is

chosen as an integrand. The reason for this choice is

justified from the application of Eq. (A.3) with k ¼ m,

which allow the functions xq ~XXi;m to be easily integrated.

In fact, we haveZ xiþ1

xi

xqð ~XXi;mÞ2 dx

¼ �
xq ~XXi;m ~XX 0

i;m

k2
mða1=aiÞ

2
4

3
5

xiþ1

xi

þ 1

k2
mða1=aiÞ

Z xiþ1

xi

xqð ~XX 0
i;mÞ

2
dx

ði ¼ 1; 2; . . . ;MÞ: ðB:7Þ

Comparing Eqs. (B.6) and (B.7) yields the following

result:Z xiþ1

xi

xqð ~XX 0
i;mÞ

2
dx

¼ k2
mða1=aiÞ

xqþ1ð ~XXi;mÞ2

2

" #xiþ1

xi

þ
xqþ1ð ~XX 0

i;mÞ
2

2

2
4

3
5

xiþ1

xi

þ ðqþ 1Þ
xq ~XXi;m ~XX 0

i;m

2

2
4

3
5

xiþ1

xi

ði ¼ 1; 2; . . . ;MÞ: ðB:8Þ

Substituting Eqs. (B.8) in either Eqs. (B.6) or Eqs.

(B.7), we obtain the expressions (29) for the integrals

inherent to the norm Nm, which are valid for composites

of rectangular, cylindrical and spherical layers.
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